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We construct degenerations of Mukai varieties and linear sections thereof to special 
unobstructed Fano Stanley-Reisner schemes corresponding to convex deltahedra. This can 
be used to find toric degenerations of rank one index one Fano threefolds. In the second 
part we find many higher dimensional unobstructed Fano and Calabi-Yau Stanley-Reisner 
schemes. The main result is that the Stanley-Reisner ring of the boundary complex of the 
dual polytope of the associahedron has trivial T^. 

Introduction 

In |Muk88] . Mukai showed that rank one index one Fano threefolds of genus g < W appear as 
complete intersections in (weighted) projective spaces and homogeneous spaces. 
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Here Q2 is a generic quadric. The varieties Mg are called Mukai varieties. The homogeneous 
spaces involved are the Grassmannians G(2, 5) and G{2, 6) associated to SL5 C and SLg C, 
the (even) orthogonal Grassmannian or spinor variety 5*0(5,10) associated to Spinj^gC, the 
Lagrangian Grassmannian LG{3, 6) associated to Spg C, and G2 which is associated to the 
adjoint representation of the exceptional semi-simple Lie Group G2. Note that the V2g-2 denote 
deformation classes as in the original classification of Iskovskih in |Isk78j . see Corollarv l2.5l below. 

In the first part of this paper we compare this series with a special series of Fano Stanley- 
Reisner schemes. If T is a combinatorial sphere then the Stanley-Reisner scheme of the join of 
T and a simplex is Fano (Proposition 12. ip . In Section [3] we describe a series of triangulated 
2-spheres r„, 4 < n < 11, with n vertices such that the Stanley-Reisner scheme of the cone over 
Tn is a natural flat degeneration of V2n-4- In fact for 6 < g < 10 the Stanley-Reisner scheme of 
the join of T^+i and a suitable simplex is a degeneration of Mg. 

The series of T„ is special for several reasons. To begin with, starting with T4, which is 
the boundary complex of the tetrahedron, T„ is gotten from T„^i by starring a vertex into an 
edge and there is a well defined rule for which edge to star in. This gives a systematic way of 
generating the Stanley-Reisner degenerations of the 1^2g-2- 

Secondly, for 4 < n < 10, the T„ are the boundary complexes of the convex deltahedra, i.e. we 
see all convex deltahedra except the icosahedron. Recall that a deltahedron is a 3-dimensional 
polytope with regular triangles as faces. There are exactly 8 convex deltahedra as proven in 
|FvdW47] . Drawings, names and descriptions may be found for example in |Cro971 Figure 2.18]. 
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This seems at the moment to be just a nice coincidence but there might be deeper explana- 
tion. Although the T„ come in a series there is (as usual) no system relating their automorphism 
groups Aut(T„). Yet one can check case by case that for 6 < 5 < 9, if is the index of the 
Fano homogeneous space in the Mukai list, then | Aut(Tg_|_i)| = 24 — 2rg. 

Finally, for 4 < n < 10, the Stanley-Reisner scheme of the cone over T„ is unobstructed. In 
fact the Stanley-Reisner ring of has trivial T^. Thus Vl, Vg, . . . , Vie degenerate to Fano 
Stanley-Reisner schemes which are smooth points in the relevant Hilbert schemes. This can be 
used to find toric varieties to which the Fano threefolds degenerate (Proposition 12. 3p . The point 
is that, if a Stanley-Reisner scheme to which we degenerate corresponds to a smooth point in 
some Hilbert scheme, any toric variety also degenerating to this Stanley-Reisner scheme must 
deform to a variety corresponding to a general point on the same component of the Hilbert 
scheme. Our original motivation for this article was in fact to find such toric degenerations, 
which have become of interest in connection with mirror symmetry, see for example |Prz09] and 
[ILPllj . 

These results point towards at least two continuations. One can ask if degenerations to 
Stanley-Reisner schemes help find toric degenerations of other Fano threefolds. This is the 
subject of a separate paper [CIJ where we, for d < 12, study the Hilbert scheme of degree d 
smooth Fano threefolds in their anticanonical embeddings. We use this to classify all possible 
degenerations of these varieties to canonical Gorenstein toric Fanos. 

Taking another direction, one could ask for higher dimensional combinatorial spheres with 
trivial T^. This is the subject of the second part of this paper. It is based on the observation 
that our Tg is boundary complex of the triaugmented triangular prism, which again is the 
dual polytope of the 2-dimensional associahedron. Let An be the boundary complex of the 
dual of the (n — 4)-dimensional associahedron and An its Stanley-Reisner ring. The main 
result of the second part of this paper is Theorem 15.31 which states that = for all n. 
For the sake of completeness we also compute and describe the versal deformation of 

Proj(^ri k[xO, ■ ■ -iXm])- 

The r„ in dimension two appear as edge starrings and unstarrings of Aq. In the last section 
we generalize this and use edge starrings and unstarrings of An to find many more combinatorial 
spheres with trivial T^. Our Corollarv 16.41 shows that if ri, . . . ,r„i are integers with n > ri > A 
and 

m 

r j = n + 3(m — 1) 

i=l 

then A stellar subdivision of A^ * Ar^ * • • • * A^^ via (different) series of edge star- 

rings. This yields many intermediate (n — 4)-spheres whose Stanley-Reisner ring has trivial T^, 
generalizing the sequence Tg, . . . , Tg. 

In dimension 2 there is exactly one edge starring of A^ yielding a sphere with T^ = 0, 
namely Tio and any edge starring of Tio has non-trivial T^. We finish this paper by listing all 
74 combinatorial 3-spheres with trivial T^ coming from successive edge starrings of At. 

Several results needed to prove = are valid in general for flag complexes and we 
include them in a separate Section [H To ensure that general linear sections G{2,n) correspond 
to generic points on Hilbert scheme components (needed for Corollary [53]) we prove some results 
on deformations of complete intersections in rigid Fano varieties which may be of general interest. 
Proposition 12.41 and Corollary 12.51 

Acknowledgments. We are grateful to Kristian Ranestad for helpful discussions. Much of this 
work was done while the second author was visiting the University of Oslo funded by "smaforsk- 
midler" . 
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1 Preliminaries 

1.1 Simplicial complexes and Stanley- Reisner Schemes 

We now recall some basic facts about simplicial complexes and Stanley-Reisner schemes, see 
for example jSta96j . Let [n] be the set {0, . . . ,n} and A„ be the full simplex 2l"'l. An abstract 
simplicial complex is any subset /C C A„ such that if / € /C and g C f, then g G IC. Elements 
/ € /C are called faces; the dimension of a face / is dim / := — 1. Zero-dimensional faces 
are called vertices and we denote the set of vertices by V{IC). One-dimensional faces are called 
edges. By A_i we will denote the simplicial complex consisting solely of the empty set. Two 
simplicial complexes are isomorphic if there is a bijection of the vertices inducing a bijection of 
all faces. We will not differentiate between isomorphic complexes. 

Given two simplicial complexes JC and C, their join is the simplicial complex 

IC*C = {fyg\felC,geC}. 

If / G /C is a face, we may define 

• the link of / in /C; lk(/, IC) := {g £ IC : g n f = ^ and g U f e JC}, 

• the open star of / in IC; st(/, IC) := {g £ IC : f CI g}, and 

• the closed star of / in /C; st(/, IC) := {g £ IC : g U f £ IC}. 

Notice that the closed star is the subcomplex st(/, /C) = / * lk(/, /C). If / is an r-dimensional 
face of IC, define the valency of /, to be the number of (r + l)-dimensional faces containing 
/. Thus z/(/) equals the number of vertices in lk(/, /C). 

The geometric realization of IC, denoted |/C|, is defined as 

|/C[ = {q : [n] [0,l]\{i\a{i) / 0} € /C and Y^ia{i) = l} . 

In this paper we will be interested in the cases where /C is a combinatorial sphere or ball. A com- 
binatorial n-sphere is a simplicial complex for which |/C| is PL-homeomorphic to the boundary 
of A„+i. A combinatorial n-ball is a simplicial complex for which \IC\ is PL-homeomorphic to 
A„. In general a simplicial complex /C is a combinatorial n-manifold (with boundary) if for all 
non-empty faces / G /C, | lk(/, IC) \ is a combinatorial sphere (or ball) of dimension n — dim / — 1. 

If 6 C V{IC), denote by b the full simplex which is the power set of b and db = b \ {b} 
its boundary. We recall the notion of stellar exchange defined in |Pac91j . (See also |Vir93j .) 
Assume /C is a complex with a non-empty face a such that lk(a, IC) = db*L for some non-empty 
set b and b is not a face of lk(a,/C). We can now make a new complex Fl(j fe(/C) by removing 
st(a) = db *a* L and replacing it with da *b* L, 

Fla,b{IC) := {IC \ {db * a * L)) U da *b * L . 

If |6j = 1, that is if 6 is a new vertex v, then the procedure Flj .„(/C) is classically known as 
starring v at the face f and we denote the result as star(/, IC). (If / also is a vertex we are just 
renaming / with v.) A complex IC' is known as a stellar subdivision of IC if there exists a series 
IC = ICq, ICi, . . . , ICr = IC' such that ICi = star(/, /Ci_i) for some face / G -R'i-i. 

To any simplicial complex IC C A„, we associate a square- free monomial ideal I/c C 

C[xo, ■■■,Xn] 

Ik ■= {xp \ p£ An \ IC) 

where for p G A„,, Xp := Higp ^i- This gives rise to the Stanley-Reisner ring A^q := C[xo, . . . , 
and a corresponding projective scheme P(/C) := Proj A/c which we call a Stanley-Reisner scheme. 
The scheme X := P(/C) "looks" like the complex IC: each face f G IC corresponds to some 
pdim/ ^ ^j-^g intersection relations among these projective spaces are identical to those 
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of the faces of /C. In particular, facets of K correspond to the irreducible components of X. If 
K, is pure dimensional then the degree of P(/C) will be the number of facets of K,. We also have 

ilP(P(/C),Op(K:))=.i/^(/C;C), 

by a result of Hochster, see jAClOl Theorem 2.2]. 

We also can make the affine scheme A(/C) = Spec j4^. If / is a subset of V{}C), let Dj^{xf ) C 
P(/C) be the chart corresponding to homogeneous localization of A]q by the powers oi Xf. Then 
Dj^{xf) is empty unless / G /C and \i f ^ K, then 

I)+(x/)=A(lk(/,/C))x(rf-/. 

If /C is an orientable combinatorial manifold without boundary then the canonical sheaf is 
trivial ( |BE9H Theorem 6.1]). Thus a smoothing of such a P(/C) would yield smooth schemes 
with trivial canonical bundle and structure sheaf cohomology equaling HP{IC; C). In particular 
if /C is a combinatorial sphere then a smoothing of P(/C), if such exists, is Calabi-Yau. We shall 
see that certain balls correspond in this way to Fano schemes. 

The combinatorial nature of Stanley-Reisner schemes also makes their deformation theory 
more accessible than usual and has been studied in iAC04j and |AC10j . We will apply results 
from these papers throughout. 



1.2 Cotangent cohomology of Stanley-Reisner schemes 

We recall one of the descriptions in |AC04) of the multi-graded pieces of T^^ for any simplicial 
complex IC. We refer also to this paper, |AC10] and the references therein to standard works 
for definitions of the various cotangent cohomology spaces. 

We recall first some geometric constructions on simplicial complexes. To every non-empty 
/ € /C, one assigns the relatively open simplex (/) C |/C|; 

(/) = {a € \IC\ I a{i) ^ if and only if i G /} . 

On the other hand, each subset Y IC, i.e. Y is not necessarily a subcomplex, determines a 
topological space 

^ fU/ey(/) if0^^, 
^ \cone(U/ey(/)) if e F . 

In particular, (/C \ {0}) = \)C\ and (/C) = |cone(/C)| where cone(/C) is the simplicial complex 
Ao*/C. 
Define 

Ub = Ut{}C) := {/ G /C : / U 6 ^ /C} 
Ub = UbQC) := {/ € /C : (/ U 6) \ {v} /C for some v E 6} C C/f, . 

Notice that Uh = Ub = K, unless dh is a subcomplex of /C. If b ^ IC and 56 C /C or 6 € /C, define 

Lb = Lb{IC) := fl lk(6',/C). 

b'Cb 



We have 



[0 J i^vTr ]db*Lb if 6 is a non-face, 

IC\ Ub = ( — and JC\Ub=<, _ 

lst(6) 1 (96* Lb) U St (6) if 6 is a face. 
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Theorem 1.1. ( [AC041 Theorem 13]) The homogeneous pieces in degree c = a — b G Zl^' (with 
disjoint supports a and h) of the cotangent cohomology of the Stanley-Reisner ring Ak^ vanish 
unless a € /C, b S {0, l}'^', b C V{lk{a,JC)) and 6 7^ 0. // these conditions are satisfied, we 
have isomorphisms 

n^,c ^ H'''{{Uh{Ma,IC))), mMa,IC))),k) fori = 1,2 

unless b consists of a single vertex. If b consists of only one vertex, then the above formulae 
become true if we use the reduced cohomology instead. 

Since T^^ ^ depends only on the supports a and b we may denote it T^_^{fC). We will have 
use for 

Proposition 1.2. ( \ACM\ Proposition 11]) // 6 C y(lk(a)), then the map f ^ f \ a induces 
isomorphisms T^_^{'IC) ~ T^_^{Jk{a,'IC)) fori = 1,2. 

We include the following for lack of reference. 

Proposition 1.3. If A and B are k-algebras then there are exact (split) sequences 

of cotangent modules for all i. 

Proof. Consider a cocartesian diagram of rings 

B > R 

a 

S -^A 

with both a and /? flat. Then by standard properties of the cotangent modules (see e.g. |And74] l. 
if M is a 5-module, T{R/A; M ®s A) ^ T{B/S; M) A. The morphisms k ^ A ^ A(g)k B 
yield the Zariski-Jacobi sequence 

> T\A (g)k B/A; A(g)kB)^ T\^^b ^ T\A/k; A®kB)^ ... . 

Since S is a free fe-module T'^(A/k;A iE)k B) ~ (8)fc B and the isomorphism above yields 
T\A (g)fc B/A; A^kB) ^ T'^ ®k A. Thus the sequence reads 

>T'B®kA^ TX^^B ^T\(^kB ^T}+' ^kA^ ... . 

Switching A and B gives a natural section to T^^^^ — > (^k B, so the map is surjective and 
the result follows. □ 

1.3 Dual associahedra 

By An we denote the n — 4 dimensional simplicial complex which is the boundary complex of the 
dual polytope of the associahedron. The associahedron (also known as the Stasheff polytope) 
plays a role in many fields and various generalizations and realizations have appeared in the 
recent literature, see e.g. the introduction in [HL07j and the references therein. For our purposes 
the description of An given by Lee in |Lee89] is the most useful. 

Consider the n-gon and index the vertices in cyclical order by i = 1, . . . ,n. Denote by 5ij 
the diagonal between vertex i and vertex j. The set of ^n{n — 3) diagonals will be the vertex 
set of An, call it Vn. A set . . . , ^vjrl of r + 1 diagonals is an r-face of An if they do not 

cross, i.e. they partition the n-gon into a union of r + 2 polygons. The facets of An correspond 
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therefore to the triangulations of the n-gon with n vertices. The number of facets is thus the 
Catalan number 

1 /2(n-3)\ 

The automorphism group of An is the dihedral group Dn and the action is induced by the 
natural action on the n-gon. 

For small n we have ^3 = {0}, is two vertices with no edge which we denote S^, A5 is 
the boundary of the pentagon and Aq is the boundary complex of the triaugmented triangular 
prism. 

2 Degenerations to unobstructed Fano Stanley-Reisner 
schemes 

We state and prove here general results we will apply to special cases in this paper and in [CI] . 
Consider a triangulated n-ball B. Since triangulations of spheres are degenerate Calabi-Yau, 
one may ask under what conditions the boundary complex corresponds to the anticanonical 
divisor of F{B). 

Proposition 2.1. Let T he any combinatorial sphere. For m > consider the variety X = 
P(r * Am). Then ujx — Ox{—m — 1). In particular, X is Fano and if m = the natural 
embedding is anticanonical. 

Proof. Note that At*a„^ = At[xo, . . . ,Xm]- The canonical module ujat of the Stanley-Reisner 
ring At equals At as graded module, see |Sta96t section 7]. By e.g. [EisQS^ 21.11], it follows 
that ujAt,a^ = ^T*A„(-m - !)• □ 

We will refer to such simplicial complexes as Fano complexes. In this paper we will be mostly 
interested in the special situation when T-^ of the Stanley-Reisner ring of the combinatorial 
sphere vanishes. 

Proposition 2.2. If IC is a combinatorial sphere with T^^ = 0, then for the Fano scheme 
P(/C * Am), the obstruction space T^(^j^^^ y^m+n for the local Hilbert functor vanishes. In 
particular, P(/C * A^) is represented by a smooth point in the corresponding Hilbert scheme. 

Proof. Since ^ac*A™ is just the tensor product over C of Ajc with a polynomial ring, 
vanishes as well, see Proposition [T31 The claim then follows from [AClOt Proposition 5.4] which 
states among other things that in this case T^^j^^^ yfm+n. is the degree part of • □ 

We now turn our attention to degenerations of smooth Fano varieties to toric varieties. 
Consider some lattice M and some lattice polytope V C Mq in the associated Q-vector space. 
By P(V) we denote the toric variety 

P(V) = ProjC[5v] 

where Sy is the semigroup in M x Z generated by the elements (n, 1), u G V PI M. By Theorem 
8.3 and Corollary 8.9 of |Stu96] . square-free initial ideals of the toric ideal of P(V) are exactly 
the Stanley-Reisner ideals of unimodular regular triangulations of V, see loc. cit. for definitions. 

Proposition 2.3. Let V C P^ be a smooth Fano variety which is the generic point on its 
component in the Hilbert scheme of ¥^ . Let K be a combinatorial sphere with = and 
assume V degenerates to P(/C * A^). If V is a lattice polytope having a unimodular regular 
triangulation of the form K, * A^, then V degenerates to P(V). 
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Proof. Now P(V) degenerates to P(/C* A^) and P(/C* A^) is represented by a smooth point on 
the corresponding Hilbert scheme (Proposition I2.2( ). Since V is represented by a general point 
on the same component, P(V) must deform to V. □ 

Remark. The toric varieties P(V) appearing in the above proposition are quite special, since 
they are unobstructed. 

Note that if y is a smooth Fano variety with very ample anticanonical divisor, y is a smooth 
point on a single irreducible component of the relevant Hilbert scheme, cf. [CII Proposition 2.1]. 
A generic point on that component will be a smooth Fano variety, to which we may apply 12.31 

In this paper the smooth Fano varieties that appear are linear sections of rational homoge- 
neous manifolds. Recall that a rational homogeneous manifold is of the form G/P for a complex 
semi-simple Lie group G and parabolic P. Rational homogeneous manifolds are Fano and rigid, 
i.e. H^{Q) = 0, jBot571 Theorem VII], and we may use this to show that general sections are 
generic points on their component in the Hilbert scheme of P^. 

For schemes X C y let Defx/y be the functor of embedded deformations of X in V. 
The forgetful functor Def^/y — > Defx is smooth if Ty{Ox) = and if V is smooth this is 
H^{X, (ey)|x). 

Proposition 2.4. Let V be a subvariety o/ P" such that H^{V,@v) = and such that Serre 
duality holds with dualizing sheaf Ov{—i)- Let X be a general complete intersection ofV defined 
by r forms of degree on with Ylk=i < i- Then H^{X, {Qv)\x) = 0- 
Proof. Let Xx be the ideal sheaf of X in y and consider the exact sequence of sheaves 

^ Zx ^ Oy ^ Ox ^ 0. 

After tensoring with 0y and passing to the long exact sequence of cohomology, we see that 
the vanishing of H^{X,{Qy)\x) follows from the vanishing of H^{V,Qv) (which we have by 
assumption) and the vanishing of H^{V,Ix ©y)- We now show the vanishing of the latter. 

Let = 0^=1 Oy[—mk). Since X \s & complete intersection, we have a resolution of 
Tx by the Koszul complex 

> ••• A'-^ J" Tx > 

which we can split into short exact sequences 

> Ij > F > Ij-i > 

with Xq := Xx and Xj := kerdj. We show that HP{V,Xj 0y) = for p > 1 by induction on 
j. Indeed, HP{V,Xr (8) ©y) = since Xr = 0. Suppose now that HP{V,Xj (g) Gy) = for some j 
and all p > 1. Then from the long exact sequence of cohomology, we have 

HP{v,Xj^i^ev) = HP (v,/\F0ev^ . 

But /\-^ J- (S> 0y is a direct sum of vector bundles of the form 0{—l) Gy with I < i, and by 
Serre Duality and Kodaira vanishing, we have 

HP {V, Oi-l) (g) Gy) ^ H^'-P {V, 0{l -i)®Vtv) = Q 

where n is the dimension of y. □ 

Corollary 2.5. Let V be a rational homogeneous manifold embedded in P^ such that coy = 
Oy{—iy) where iy is the Fano index ofV. If X is a smooth complete intersection ofV defined 
by r general forms of degree on with '}2]t=i "^fc ^ ^V; then X is Fano and a generic point 
on its component in the Hilbert scheme ofF^. 

Proof. From Proposition 12.41 we know that Defx/y — >■ Defx is smooth. In particular every 
deformation of X arises from moving the linear section in V. A general section is therefore a 
generic point on the Hilbert scheme component. □ 
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Figure 1: Triangulations of the sphere Tn 

3 Mukai varieties and deltahedra 

We describe a series of triangulated 2-spheres constructed by means of edge starring. Let T4 
be the boundary complex of the tetrahedron and T5 the boundary complex of the triangular 
bipyramid. For any 6 < n < 10, define T„ inductively to be star(/, T„_i) for any edge / € T„,-i 
whose link consists of two vertices of valency four. This uniquely determines r„. 

For 6 < n < 10, these are exactly the triangulated spheres where the only vertex valencies 
are 4 or 5. The list of T„, 4 < n < 10 coincides with the boundary complexes of the convex 
deltahedra with 10 or less vertices. Our rule cannot be applied to Tiq, but we define Tn to be 
star(/, Tio) for any edge / € Tiq whose link has one valency-four vertex. These triangulations 
are pictured in Figured] projected from a vertex at infinity. The edges in which we star a vertex 
are the dashed line segments. 

The associahedra appear among the T„. We have Tg = the octahedron boundary 

= A4* A4* A4 and the pentagonal bipyramid boundary Ty = A4 * A5. 

When 4 < n < 10 (the deltahedra case), T„ is on the list of triangulated 2-spheres T with 
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= classified in [I08H Corollary 2.5]. This may also be proven directly using the results 
in Section m For K, = Tn, [AClOi Theorem 5.6] tells us that dimT^^ o ~ ^• 

Theorem 3.1. There is a flat degeneration of Mg to P(Tg-|_i * Aj^) for any 6 < g <W where 
ig is one less than the Fano index of Mg, i.e. iq = iiQ = 2, ij = 7, ig = 5, and ig = 3. 

We wish first to describe the method of proof. Given an ideal / in a polynomial algebra P 
and a term order let in^(I) be the initial ideal of /. There is a flat degeneration of P/I to 
P/ in;^(/), see e.g. |Eis951 Chapter 15], so we want to find a term order such that in^(Ijvfg) is 
the Stanley-Reisner ideal of T^+i * Aj^ . 

In |Stu081 Proposition 3.7.4] Sturmfels shows that there is a term order for which the ideal of 
G{2, n) in the Pliicker embedding has initial ideal equal to the Stanley-Reisner ideal of An*^n~i- 
He calls this order a circular order and variants of this circular order will be used throughout 
the proof. 

Generators for Ij;/^ may be found in the literature, we give references in the proof. Assume 
we have found a term order such that the ideal generated by the initial terms of these generators 
is the Stanley-Reisner ideal of T^+i. We may then invoke the following useful result of Sturmfels 
and Zelevinsky. 

Let now I be a homogeneous ideal of degree d va. P = C[xq, . . . , a;„] with dimP/J = r + 1 
and Q d I & finite subset. Suppose the set {in^(g) : g £ G} consists of square-free monomials 

Xqi 5 • • • ) , Qi C [ri] . 

Proposition 3.2 ( |SZ93l Proposition 7.3]). If all minimal (with respect to inclusion) transversal 
subsets to {qi, . . . , qs} have the same cardinality n — r, and their number is less than or equal 
to d, then Q is a Grobner basis with respect to 

To rephrase the result recall that a subset p = {ii, . . . , ik} Q [n] is transversal to {qi, . . . ,qs} 
if there exists an injective map / : {1, . . . ,k} — t- {1, . . . , s} such that ij £ Qf{j)- Clearly the 
minimal transversal subsets to {qi, . . . ,qs} are in one to one correspondence with the minimal 
prime ideals of {xg-^, . . . ,XgJ. Thus the proposition tells us that if (xg^, . . . ,XgJ is the Stanley- 
Reisner ideal of the simplicial complex /C with n + 1 vertices, /C is pure r-dimensional, and 
the number of facets of /C is less than or equal the degree of /, then Q is a Grobner basis. In 
particular {xg-^, . . . ,Xg^) = in^(/). 

Proof of Theorem \3.1[ Clearly T^+i * Aj^ is pure dimensional and dimTg+i * Aj^ = dimM^. 
Moreover the degree of P(Tg+i * Aj^) is the number of facets of T^+i which is 2{g — 1). (For 
any 2-sphere the number of facets is 2(# vertices — 2) by the Euler formula.) This equals the 
degree of the corresponding Fano 3-fold in P^+^. Our equations for the Mukai varieties will be 
in ps+i+^s , so this will also be the degree of the Mukai variety. 

By the above remarks it is thus enough to give a set of generators G and a term order >- 
such that {iny{g) : g £ G} are the generators of the Stanley-Reisner ideal of Tg^i. We do this 
case by case. 

Case g = 6 and g = 8: Grassmannians. We review the argument in |Stu081 Proposition 
3.7.4] for future reference. Recall that the Grassmannian G{2,n) is defined by the ideal / 
generated by the 4x4 Pfaffians of an n x n antisymmetric matrix with coordinates 



/ 





Xl2 


Xl3 


Xln 


\ 




-3^12 





X23 


■ X2n 






-3^13 


-3^23 





XSn 




V 


Xln 


-X2n 


XSn 


■ 


/ 



A circular order ^circ is any monomial order which, for l<i<j<k<l<n, selects 
the monomial XikXji as the lead term in the Pfaffian involving the rows and columns i,j,k,l. 
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Sturmfels showed that such terms orders exist and that the Pfaffians form a Grobner basis for 
them. The initial ideal of / is square-free, and corresponds to An * A„,_i. For n = 6 this is the 
simplicial complex Tg * A5. 

When re = 5, ^5 * A4 = C5 * A4, where C5 is the boundary of a pentagon. Now Mg is 
defined by a general quadric in G(2,5). We can degenerate this quadric to XaXfs where Xa,Xis 
do not appear in the monomials in the initial ideal of the Pfaffians. The ideal generated by the 
initial ideal of I and this monomial is the ideal of Tf * A2. 

Case g = 7: 50(5, 10). Equations for the orthogonal Grassmannian SO{5, 10) can be found 
in |Muk95j (see also |RS00j ). Consider the polynomial ring P in the variables u, Xij, and i/k 
for l<i<i<5, 1<A;<5. Let ^i{x) denote the Pfaffian of the submatrix of ([T]) for re = 5 
not involving the ith row and column. Then the ideal of 50(5, 10) in P^^ is given by the five 
equations of the form 

uyi - {-iy<^i{x) 

along with the five equations 








X12 


Xl3 


Xi4 


Xl5 


\ 




/ yi 


\ 




-3^12 





X23 




X25 






y2 






-Xl3 


-X23 





X34: 


X35 






2/3 






-Xm 


-X24 


-X34 





X45 






2/4 




V 


-Xl5 


-X25 


-X35 


-3^45 











/ 



Consider a circular monomial order on the variables Xij as above, and expand this to any 
monomial order ^ on P satisfying 



u,y2,y3,y4 -< 2/1,2/5 ^ x 



I]- 



Then the initial terms of the above ten equations are generators of the ideal of P(T8 * A7). 

Case fl' = 9: LO(3, 6). Equations for the Lagrangian Grassmannian LG(3,6) can be found in 
|IR05j . Consider the polynomial ring P in ttio Vctriablcs li, Vij") ^ij 

for 1 < i < j < 3. Let Y 

and Z be the symmetric matrices 



Y = \ y^o voo yo3 Z 



2/11 


2/12 


2/13 


2/12 


2/22 


2/23 


2/13 


2/23 


2/33 





Z12 


Zl3 


Z12 


Z22 


Z23 


Zl3 


Z23 


Z33 



and let Mij(Y) respectively Mij(Z) denote the (i,j)th minor of Y and Z. Then the ideal of 
LG{3, 6) in P^^ is given by the 21 equations of the following form: 

{-iy+m,,j{Y) - vzij i<i<j<3 

(-l)^+^Mij(Z) - uyij 1 < i < j < 3 
Yi^. ■ Z.^i — uv 1 < i < 3 

yi,-Z.j l<i,j<3, i^j 

Consider now any term order -< such that 

u,v,yi3,zi3 -< 2/12, 2/23, ^12,^^23 ^ yn, Zu z = 1,2,3 

and the product of two monomials in the middle group is larger than the product of a monomial 
from the right with a monomial from the left. These conditions allow for freedom in the four 
comparisons 

yuzij \ f[\ yijZjj < j < 3, \i- j\ = 1. 



10 



Figure 2: Triangulations coming from initial ideals for LG{3, 6) 

Imposing any further conditions which resolve these four comparisons completely determines 
the initial terms of the above 21 equations. 

In fact, the 16 different possible ideals generated by these terms are all Stanley-Reisner 
ideals coming from (different) triangulations of the sphere with 10 vertices joined with A3; the 
triangulations can be obtained by always choosing one of the two dotted diagonals in each of 
the four quadrangles in Figure [2j Exactly two of these triangulations are isomorphic to Tiq. 
One possible way to get Tiq is by imposing the additional condition xu^yu -< Xjj,yjj for i < j. 

Case g = 10: ^2- The G2 Grassmannian can be embedded in G{2, 7) as a linear section, see for 
example |KaplO| . Let P be the polynomial ring in VciriciblGS r, x^j , yij , zi with i,j G {0, 1}. 
Then the ideal of Go in ig 

generated by the 4x4 Pfafhans of the matrix 






-xio 


xn 


w 


yn 


y\o 


u 







— V 


yoo 


r 


zo 


Xoo 


-Xll 


V 





yol 


Z\ 


—w — r 


xoi 


—w 


-yoo 


-yoi 





xo\ 


-Xoo 


V 


-yii 


—r 


-zi 


-xqi 





u 


Xll 


-yw 


-zq 


w + r 


xoo 


—u 





XlO 


—u 


-xqo 


-xm 


— V 


-Xll 


-2:10 






Note that this is not a minimal generating set for the ideal, it only needs 28 generators. 
Consider any term order -< such that 

u,v ^ r,w,Xij ^ yij,Zi {0,1} 

and the product of two monomials in the middle group is larger than the product of a monomial 
from the right with a monomial from the left. Similar to the g = 9 case, these conditions allow 
for freedom in the three comparisons 

xoo2;ii XoiXio 

a;oo2/oi a^oiyoo 
xioyu a^iiyio- 

Imposing any further conditions which resolve these three comparisons completely determines 
the ideals generated by initial terms of the above 35 equations. 
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Figure 3: Triangulations coming from initial ideals for G2 

The 8 different possible ideals generated by these terms are all Stanley-Reisner ideals coming 
from (different) triangulations of the sphere with 11 vertices joined with A2; the triangulations 
can be obtained by always choosing one of the two dotted diagonals in each of the three quad- 
rangles in Figure [3l Exactly two of these triangulations are isomorphic to Tn. □ 

For —1 < k < ig — 1 let ho, . . . , hi^_}^_i be general hyperplanes in pf+i+*9. We can degenerate 
each hj to the coordinate Xj corresponding to the jth vertex of Aj^. Combined with the 
degeneration of Mg in Theorem 13. H this gives a flat family with general fiber Mg fl {/iq = • • • = 
hi^-k-i = 0} and special fiber F{Tg^i * A^). We sum this up as 

Corollary 3.3. Fix 6 < g < 10 and some —l<k<ig — l. Let V be the intersection of Mg 
with (ig — k) general hyperplane sections. Then V degenerates to P(rg+i * A^). 

When 3 < g < 5 the V^, Vq, and Vg are complete intersections. Clearly they degenerate to 
the complete intersections ¥{Tg^i * Aq). We get therefore Stanley-Reisner degenerations of all 
rank one index one Fano threefolds of genus 3 < 5 < 10. 

Remark. The boundary complex of the icosahedron, the last deltahedron, gives a triangulation 
of the sphere with 12 vertices such that of the corresponding Stanley-Reisner ring vanishes. If 
we call this complex T12, there is no smooth Fano threefold which has an embedded degeneration 
to P(Ti2 * Aq). Indeed, the link of the vertex Aq corresponds to an affine chart Uq = Spec Ati2- 
Since T12 has no vertices of valency less then 5, it follows easily from jAClOl Theorem 4.6] that 
Uq has no deformations in negative degree and is therefore not smoothable. This fits nicely with 
a "missing" Hilbert scheme component. One computes, e.g. using Theorem I l.li that P(ri2* Aq) 
lies on a component of the Hilbert scheme with dimension 174. However, a component of the 
Hilbert scheme whose general element is a smooth Fano must have dimension 173, 175, 176, or 
177 as can be computed from the classification in |MM82j by using |CH Proposition 2.1]. 

For 3 < g <9 the above and Corollary 12.51 show that Proposition 12.31 applies so we get 
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Corollary 3.4. Let V be a general element in the deformations class V2(g_i) of rank one index 
one smooth Fano threefolds of genus 3 < g < 9. If V is a lattice polytope having a unimodular 
regular triangulation of the form T^+i * Aq, then V degenerates to P(V). 

Remark. In the case g = 10 we know Tl + 0. In fact one may compute that if /C is the 

Fano complex T\\ * Aq then T'^^jq-^ is 6 dimensional. The Hilbert scheme locally at this scheme 
will consist of two components of dimensions 153 and 152. The rank one index one Vi8 is on 
the 153 dimensional component. This can be used to find toric degenerations of T^g. Indeed 
if V is a lattice polytope having a unimodular regular triangulation of the form T\\ * Aq and 
/i''(P(V), A^) = 153 with Tp^^^^pii = 0, then Vig degenerates to P(V). These two vector spaces 
can be computed explicitly via a comparison theorem, see |CI1 Proposition 4.2]. 



4 Cotangent cohomology for flag complexes 

Recall that /C is called a flag complex if any set of pairwise incident vertices is a face. We may 
reformulate this as 6 C V(Ki\ b ^ IC and db Q JC implies \b\ = 2. Thus it is clear that /C is a flag 
complex if and only if Ijc is generated by quadratic monomials. For such a quadratic monomial 
generator x^x^ we call the subset {v, w} a non-edge. If /C is a flag complex, then so is lk(/, /C) 
for all / G /C. One simple way to see this is to observe that the Stanley-Reisner ideal of lk(/) 
is gotten from Ijc by putting Xy = 1 for all v G f. 

A flag complex is determined by its edge graph F = F(/C), since / E /C if and only if the 
subgraph of F induced by the vertices in / is complete. It is the clique complex of its edge 
graph. On the other hand the clique complex of any simple graph is a flag complex. 

When / G /C we always have lk(/, /C) C Lj(/C), but for a flag complex they are equal. In 
fact we have 

Lemma 4.1. A simplicial complex IC is a flag complex if and only i/lk(/, /C) = Lf{IC) for all 
faces f with dim / > 1 . 

Proof. Assume first that /C is a flag complex. If lk(/, /C) Lj and dim/ > 1, there exists a 
non-empty g G IC with 51 U /' G /C for all faces /' C / and (7 PI /' = for all faces /' C /, but 
g ^ lk(/). Clearly / n 5 = 0, so / U 5 ^ /C. If g' C g then g' G Lf, so we may choose g minimal, 
i.e. we may assume 5' U / G /C for all g' C g. But then, iib = g[Jf,b^JC and db C JC. Since fC 
is a flag complex we must have \g U f\ = 2 contradicting dim / > 1. 

Assume now lk(/, IC) = Lf{IC) for all faces / with dim / > 1. If \b\ > 2, b ^ IC and 96 C /C 
let / be a facet of db and v = b\f. If /' C / then clearly w n /' = 0. Moreover f'Uv will be in 
some other facet of db, so v G Lj. On the other hand vL)f = bsov^ lk(/). Therefore / must 
be a vertex and |6| =2. □ 

Lemma 4.2. If IC is a flag complex and b € IC and \b\ > 2 then T^_^[IC) = for i = 1,2. 

Proof From Lemma Owe know lk(6, IC) = L^. Recah that it (6) = b* lk(6). Thus {db * L5) U 
it (6) = {db * lk{b)) U it (6) = it (6). It follows that Ub = Ub so T^_f^{IC) = by Theorem □ 

Remark. For the above is a rather trivial observation since the ideal is generated by quadrics, 
but for there does not seem to be an easy alternative argument. 

Since links of faces in flag complexes are flag complexes, Proposition 11.21 tells us that if we 
know T^_^{IC) for flag complexes we know all T^_^(/C). 

Proposition 4.3. If K, is a flag complex then T^_^^{IC) = unless 

(i) b = {v} is a vertex, then T^_c^{IC) ~ Il'^{\IC\ \ \si{{v})\,k) or 
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Figure 4: Two crossing diagonals and the quadrangle Q. 

(ii) b is a non-edge, then T^_^[JC) ~ H^{\JC\ \ \db * Li)\,k). 
In particular if \K\ is a sphere and \Lh\ is contractible then T^_^{}C) = 0. 

Proof. Since U), = Ub unless db C /C, it follows from Lemma Upland Theorem ll . 1 1 that T^_f^{IC) = 
unless 6 is a vertex or non-edge. The isomorphisms are true for all simplicial complexes. By 
Theorem Owe have T^_^ ~ H'^ {{Ub) , {Ub)) ■ If 6 /C, then € Ub, so {Ub) is a cone and 
H\{Ub), {Ub)) ^ H^{{Ub)) ^ H^im \ \db * Lb\,k). If 6 is a vertex, then = 0. □ 

5 Cotangent cohomology for the dual associahedron 

We will now apply this to An- Let An be the Stanley-Reisner ring of An- The simplicial complex 
A „ is a flag complex and the non-edges consist of two crossing diagonals. The Stanley-Reisner 
ideal of An is thus generated by the (^) quadratic monomials xi^Xji with l<i<j<k<l<n 
in k[xij ■- i < j, 5ij £ Vn]- For a face / let Vf be the set of polygons in the partition of the n-gon 
defined by /. 

Lemma 5.1. If f £ An has dimension r and splits the n-gon into Ui-gons, i = 0, . . . ,r + 1, 
then ^ni = n + 2{r-\-l) and lk(/, An) ^ An^ * A^ * ■■■ * An^^^ - 

Proof. The facets of lk(/) may be seen by taking a triangulation of the n-gon containing all the 
diagonals in / and then removing the diagonals in /. This clearly gives the splitting. □ 

Let i,j,k,l be labels of vertices on the n-gon with i < j < k < I. Consider the inscribed 
quadrangle Q = Qijki with vertices {i,j, k, 1} (see Figure H]). If 1 < j — 1 then 5ij is a diagonal 
splitting the n-gon into two polygons. Let Aij be the dual associahedron corresponding to the 
polygon with vertices + 1, . . . , j — i.e. having the common edge 5ij with Q. Finally 

let Bij be the triangulated ball Bij = {5ij} * Aij C An- If j = i + 1 set By to be the empty 
complex. Now do the same for the other edges of Q to get the 4 pairwise disjoint sub-complexes 
Bij,Bjk, Bki,Bii and set B^i^i = Bij * Bjk * B^ * Bu. 

Lemma 5.2. Ifb is the non-edge consisting of two crossing diagonals 6ik, Sji with i < j < k < I, 
then Lb{An) = Bijki- In particular, if n > 5, \Lb\ is a {n — 5) -dimensional ball. 

Proof. It is clear that Bij * Bjk * Bj^i * Bu C Lb- Assume / ^ Bij * Bj^ * B/^-i * Bu. Then / must 
contain a diagonal 5 which is either inside Q or crosses one of the edges of Q. In the first case 5 
must be either 5ik or 5ji and can therefore not be in the corresponding link. In the second case 
S must also cross at least one of 5ik, Sji. 

The space \Lb\ is a ball since the join of two balls is a ball. Note that dim Bij = dim Aij + 1. 
The dimension of Lb is dim Bij + dim Bj^ + dim Bm + dim Bu + 3 = n — 5. □ 
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Theorem 5.3. The module = for all n. 

Proof. We will use induction on n. For n = 4 the result is clear since = k[x , y] / {xy) . We 
must show that all the spaces vanish. If a 7^ we may use Proposition 11.21 Note that 

Afc^c = AK:<^kAc. Thus if = for aU A; < n, we get Tl_^^{An) = for a / by Lemma O 
and Proposition II. 3i We are left with the case a = and this follows directly from Proposition 
14.31 and Lemma 15.21 □ 

In relation to degenerations to toric varieties Proposition 12. 3[ Corollary 12.51 and the previ- 
ously referred to |Stu081 Proposition 3.7.4] imply 

Corollary 5.4. Let V is a lattice polytope having a unimodular regular triangulation of the 
form An * < m < n — 1, then P(V) is a degeneration of a codimension n — m — 1 linear 
section of G{2, n). 

Remark. Note that Corollary 15.41 identifies toric degenerations which do not arise via the stan- 
dard method of finding toric initial ideals of the Pliicker ideal. Consider the simple example 
of 

G(2,4) = y(xi2a;34 - X13X24 + xmXss) C 

Clearly G(2,4) degenerates to X = V{xi2X'j,i — x\'^), but this does not correspond to an initial 
ideal of G(2, 4), as say F(xi2X34 — X13X24) does. Nonetheless, we can see this degeneration with 
our methods: the moment polytope of X has a regular unimodular triangulation of the form 
Ai * A3. 

We proceed to compute the T^„^(w4„). If 6 = {5ik, consists of two crossing diagonals set 
Qfc to be the corresponding inscribed quadrangle Qiju- 

Theorem 5.5. The structure ofT\^ is given by 

(i) For a,6 C V{An), if a G An, b C V{lk{a)) and b consists of two crossing diagonals with 
Qb G Va then dim^ r^^_^(^„) = I, otherwise T^_f^{An) = 0. 

(ii) There is a one-to-one correspondence between inscribed quadrangles in the n-gon and 
a minimal set of generators for the An-module T\^. 

Proof. That dimr^_j^ G {0, 1} is a general fact for combinatorial manifolds (without boundary), 
see ( |AC1Q|, Lemma 4.3]). Moreover T^_ij = if 6 is a vertex (loc.cit.). Thus by Lemma 14.21 
Theorem 1 1 . 1 1 and Lemma 15.21 we are left with the case b ^ An and |6| = 2. 

Assume first that a = 0. For a combinatorial manifold /C, [AClOt Theorem 4.6] says 
T^_jj{}C) iE IC = Lf) * db i.e. the suspension of L^. But if n > 5, Lemma 15.21 tells us 
that |Lb| is a ball, so this is impossible unless n = 4. Indeed we do have A4, = {0} * db where b 
consists of the two diagonals. 

If a / 0, Proposition 11.21 and Lemma \U7U tell us that T^_i, — T^_fj{AnQ * An-^ * • • • * An,.+i) 
where the product is over the polygons in Va = {Pq, ■ ■ ■ ,Pr+i}- Now diagonals in different Pi 
will not cross so 6 C V^Am) for one i which we may assume is 0. This means that L5(lk(a)) = 
Lb{Ano) * Am * ■ ■ ■ * Aur+i, which is a sphere iff no = 4, i.e. Pq = Qb. On the other hand if 
no = 4 then lk(a) = db* A^ * ■ ■ ■ * An^^-^ = db * Lb so T^_^ 7^ 0. This proves (i). 

To prove (ii) we may assume n > 4. Consider the function that takes an inscribed quadrangle 
to the set a{Q) consisting of diagonals which are edges of Q. Note there could be 1,2,3 or 4 
diagonals in a{Q) depending on the placement of Q. If b{Q) is the set of diagonals in Q let 
<Q) = XaiQ) - Xb(Q) e Z"("-3)/2 ^here XA is the characteristic vector of the subset A. Then 
Q i-> generator of T'c(Q) ^^^^ correspondence. 

Indeed from (i) we know that 7^ means that c = a — b, with disjoint supports a and 
b, and b = Xb{Q) for some Q with Q € Va- The last inclusion implies that a(Q) C a. An 
element in the one-dimensional T^ equals Xx^~^'^^^^ ■ (generator associated to Q), where A is 
some constant and clearly x^~^'^^'°^^ 7^ in An- □ 
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a a vertex a an edge a an edge 

Figure 5: Three types of contributions to T^. 

For the sake of completeness we prove a result about deformation spaces for the Stanley- 
Reisner scheme of An * A^. Let yo, - ■ ■ ,ym be the variables corresponding to vertices of A^- 
Since dimT^^ ^ is or 1 we may represent a basis element by a rational monomial x'^. We are 
using cyclic indices on the n-gon, if e.g. n = 7 then j = 5, . . . ,2 means j G {5, 6, 7, 1, 2}. 

Consider the sets of elements 

= 1, . . . , n, i = i + 3, 5h G vert(lk({5ij})) U {5ij}^ (2) 
= 1, . . . , n, J = z + 3, /c = 0, . . . , m > (3) 



XijXkl 


Xi-\-ljXij 


-1 


Xij yk 




Xi-i-ljXij 


~1 


XiJ^lXij- 


fl 


Xi,jXj~l,j 


-fl 


XijXi-\.\j- 


-1 


Xi+ljXij 


-1 



1, . . . ,n, j = z + 3, . . . ,z - 3j (4) 
l,...,n, j = i + 4,...,i-2\ . (5) 



Let Bn,m be the union of these four sets. 

Theorem 5.6. If n > 5 the versal base space of the Stanley-Reisner scheme of An * A^ is 
smooth of dimension ^n{n'^ — 4re — 3) + n{m + 1) unless n = 6 and m = —1. The set Bn,m is a 
basis for the tangent space. For the exceptional case Aq one must add 1 to the formula because 
of non-algebraic deformations. 

Proof. Let X be the Stanley-Reisner scheme, A the Stanley-Reisner ring and = |n(n — 
3) -|- m so that X C P^. The local Hilbert functor Defx/pN is unobstructed by Theorem 15.31 
Proposition 11.31 and |AC10l Proposition 5.4]. The forgetful map Defx/pN — )■ Defx is smooth 
if i?^(Gp]v (g) Ox) = 0. But by the Euler sequence and a result of Hochster (see e.g. [AClOt 
Theorem 2.2]) H'^{@pN Ox) ^ H^{Ox) ^ H'^{An * A.m,k). This group vanishes unless 
m = —1 and n = 6, i.e. the K3 case. This case is covered by Proposition 15.71 below. The 
dimension of the base space is thus dim^ T^. Since A is Cohen-Macaulay, |Kle791 Theorem 3.9] 
tells us that TJ^ ~ (T^q if dimX > 3. 

Aside from the special case Aq, the X with dimX < 2 and n > 5 correspond to either the 
boundary of the 5-gon or the boundary of the 5-gon *Ao. In these 2 cases the smoothness of 
the forgetful map and [AC 101 Proposition 5.4] imply that H^{Tx) — (^A)o" other hand 

there is always an exact sequence 

^ H\ex) ^ ^ //0(ri) ^ H\ex) . 
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A computation in each case shows that H^{@x) = H'^{Qx) = so we may compute as 
{T\)q directly or as below. For Aq (as for all Stanley-Reisner K3 surfaces, see |AC101 Theorem 
5.6]) there is a one dimensional contribution of non-algebraic deformations coming from H^{Q). 

To compute {T\)q we must consider T^_^{An) where 6 is a pair of crossing diagonals and a 
is a vertex or edge. There are three types of contributions as illustrated in Figure [5l It follows 
from Theorem 15.51 that if a is a vertex then T^_i^{An) 7^ iff a = {5ij} with j — i = 3 mod n 
and b = {6i+ij,6ij-i}. These elements are module generators for the sets ([2]) and ([3]) above. 
The first has ^n{n — 3){n — 4) elements and the second n{m + 1) elements. If a is an edge (not 
containing a vertex as above) then T^_f^{An) 7^ iff the two diagonals in a are edges of Qb and 
the other two edges of Qb are edges of the n-gon. There are two possibilities leading to the sets 
([5]) of cardinality n{n — 5) and of cardinality ^n(n — 5). This adds up to the formula in the 
statement. □ 

Remark. If n = 4 then the Stanley-Reisner ring j4 of ^4 * is k[xo, xi,yo, . . . ,ym]/ixoXi), 
thus the base space of Proj A is smooth of dimension ^(m + l)(m + 2). 

Even though the base space is smooth it is a non-trivial task to compute the versal family. 
We give it only in the case n = 6 as an example. The computations are done by lifting equations 
and relations using the program Maple. The Dq symmetry helps shorten the task. In this case 
the sets ([2]) - ([5]) have cardinality 18, 6(m + 1), 6 and 3. Set 

m 
k=0 

for i = 1, ... ,6, where the ti^i and rj^^ are parameters. Let Uj and be parameters dual to 
the sets (jl]) and ([5]). To avoid the non- algebraic deformations in the case m = — 1 we use the 
functor Def^, see |A(nn[ Section 6]. 

Proposition 5.7. The versal algeb raic faTfiily of the Stanley-Reisner scheme of Aq * 
defined by the 15 equations 

— Ui+ihi^i^iXi^2,i~2 — UiUi^ihi^2,i-lhi+2,i+3, « = 1, . . . , 6 

Xi,i+3Xi+i,i-i — Sihi^i+iXi+3^i-i — Sj+iXj+i^i+a/ij^j^i + njXj+i_j+3Xj+3,j_i 

+ ""4+3(^2-1^1,1+13^4,4+2 + Ui+lhi,i-lXi^i^2) — ^i+lS4^i,i-l/ii+3,i-2 — '"j+3'Si+2/ii,i+l^i,i-l 

— nj_iS.j_|_i/li^i+i/l.j+2,i+3 — MjMj+iUi_i/lj+2,j+3^j+3,j-2, « = 1, . . . , 6 
Xi,i+3Xi+2,i-l + SiXi^i+2Xi+?,,i-l — ■5i+lSi+2/ii,i-l/ij+2,j+3 — ^i^i+22;i_(_3^j_i — Ui+3Ui^ix'j^j^2 
+ 2;i+3_i_l(UjSj+2^i+2,j+3 + ^^1+2^1+1/11,1-1) + Xj_j+2(Uj+3Si+2/li,i-l + ^ij-l'5i+l/li+2,i+3) 

- SiUi+iUi^2hi+2,i+3hi,i-l - UiJ^iUi-2{Ui+3Ui+2h\i_i + Ui^iUih}_^2,i+3) ^ = 1, • • • , 3 

(all indices are modulo 6 except the si which must be taken modulo 3) over the smooth space 
with parameters ti,i, ^1,2, ^1,3, • • • , *6,i, *6,2, ^6,3, ^^1,0, • • • j-re.mjWi,- • • ,uq, si, S2, S3. 

Remark. The equations are written so that the first 3 terms define linear sections of G(2, 6) 
with the standard Pliicker relations. Note this is achieved over the subspace where all tt, = 0. 
In general one gets easily constructed deformations to sections of G(2, 6) when one omits the 
first order deformations in set (jH). On the other hand taking them along complicates matters 
extremely. 

6 Unobstructed spheres via starring and unstarring 

Stellar subdivisions are related to deformations of Stanley-Reisner rings via 
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Proposition 6.1. If K. is a simplicial complex and JC' is a stellar subdivision of K,, then Aj^i 
deforms to Afc. In particular, ifT\^^ = then T^^ = 0. 

Proof. We may assume that /C' is obtained from starring a simplex a of X at a new vertex u, 
i.e. /C' = (/C \ St (a, X))[Jda*v* lk(a, /C). Thus lk(u, /C') = da*L, where L = lk(a, JC). We get 
rJ_„(/C') = T^_^{da * L) ~ i/0(9a * L) = k hy Theorem 

The corresponding first order deformation with parameter say t is unobstructed since any 
obstructed t^ would have to be in a multigraded part of which vanishes since ka {0, 1}". 
Since da £ /C', Xa is a generator of the ideal and the deformation is achieved by perturbing this 
monomial to Xa — tXy. □ 

We will refer to the opposite procedure of starring in a vertex in a face, i.e. a stellar exchange 
of the form Fl^, ^(/C), as unstarring a vertex. Note that only vertices with special links may be 
unstarred. We may unstar a vertex t; S /C to form an edge in /C' if and only if Ik(t') = * L for 
some subcomplex L and the vertices of the must be a non-edge of /C. The Stanley-Reisner 
ideal of IC' is gotten from the ideal of fC by removing all monomials containing x^ and the 
monomial XuXv In particular if /C is a flag complex then so is /C'. We will say the /C' is gotten 
from an edge unstarring. 

Let r, s be positive numbers such that n > r > 4 and r + s = n + 2>. For every such pair we 
will realize An as a stellar subdivision of Ar*As. This is a generalization of the process yielding 
Tg = A^ from Tj = A^ * A^ described in Section [3l In general there will be several different 
series of unstarrings from An to Ar * As producing many different combinatorial spheres with 
unobstructed Stanley-Reisner rings. 

Let Ar be the complex of non-crossing diagonals of the polygon with vertices (1, 2, . . . , r) in 
that cyclic order. Let As be the same for the polygon with vertices (1, 2, r, r + 1, . . . , n — 1, n) 
in that cyclic order. With this indexing the vertices 5ij of A^ and As are disjoint, but may be 
interpreted as vertices of An- The difference in vertex sets is the set 

Dn,r = {^ij :3<i<r — 1, r+l<j<n} 

of (n — r)(r — 3) diagonals in An- On the other hand Ar * As contains (n — r)(r — 3) edges not 
in An, namely the edges in En^r = <^2,j} :3<z<r — 1, r + l<j< n}. 

Consider the partial order on Dn^r given by 5ij > 5ki if J— « > l — k. Note that 2 < j —i < n—3 
for 6ij € Dn,r and that there is a unique maximal element 6s^n and a unique minimal element 
(5^-1, r+i- Let > be any total order on -Dn,r which extends this partial order. 

Theorem 6.2. Let r,s be positive numbers such that n > r > 4 and r + s = n + 3. Successively 
unstarring the vertices in the totally ordered set {Dn^r, >) by starting with the maximal element 
and then following the order, realizes An as a stellar subdivision of Ar * As- The sequence 
of intermediate simplicial complexes yields (n — r)(r — 3) triangulated {n — 4)-spheres whose 
Stanley-Reisner ring has trivial T^. 

Proof. By the above remarks it is enough to prove that at each step the chosen 6ij is unstarrable 
and that unstarring it adds one of the missing edges in En,r- We do this by induction. Clearly 
lk{63^n,-An) = {{(51,3}, {(52,n}} * We proceed to prove that at each step we may do the 

unstarring Fla^b with a = {5ij} and b = {Si^i,62j}- 

Let fC be the result of unstarring up to Sij- We must prove that Yk{5ij,JC) is of the form 
{{•^iji}; {'^2,j}} * L- This is the same as saying that the only non-edge in lk(5jj,/C) containing 
either 6i^i or 62J is {6i^i, 62^}- The original link of 6ij in An was Ai+n~j+i*-^j-i+i corresponding 
to the diagonal splitting the n-gon in two. The latter of these has not changed during the 
previous unstarrings and we may disregard it. 

In the former the diagonals crossing 6i^i were 6k^i for 2 < k < i and j < I < n. During the 
unstarring these have been removed except for those with k = 2, but these have been put into 
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edges with Si^i except for the case I = j. Thus (52j} is the only non-edge containing Si^i. 
The same argument works for 52j and we have proven the result. □ 



Remark. In fact one can say more, in the notation of the proof, one can prove that 



This allows us to compute the /-vector at each step. We give here only a formula for the number 
of facets. To ease the indexing we set = Cn-2 (the Catalan number) to be the number of 
facets of An- 

Let -D^^ be the set of diagonals that have been unstarred before coming to step number k 
in the process. One unstarring decreases the number of facets by half the number of facets in 
Yk{6ij). The number of facets of the complex at step k is therefore 



Applying the formula to different total orders on D„,,r shows that different orders will in general 
yield different intermediate triangulated spheres. 

Example 6.3. Clearly one could always chose the order < {k,l) if j < I or j = I and 

i > k. 

We may iterate the splitting in Theorem l6.2l to get more unobstructed Stanley- Reisner rings. 
Note that the final object A4 * A4 * • • • * A4 is the boundary of the hyper-octahedron, the join 
of with itself n — 3 times. 

Corollary 6.4. If ri, . . . ,rm are integers with n > ri > A and 



then An is as a stellar subdivision of An * At^ * • • • * A^^ . In 'particular An and all joins 
Ar^ * Ar2 * • • • * are stellar subdivisions of the boundary complex of the n — 4 dimensional 
hyper- octahedron. The subdivisions are done by edge- starring s and yield intermediate (n — 4)- 
spheres whose Stanley- Reisner ring has trivial . 

Example 6.5. In dimension 2, i.e. n = 6 the possible splittings are only (4,5) corresponding 
to T-j (the process in Theorem 16.21 also yields Tg) and (4,4,4) corresponding to the octahedron 
Te. Forn = 7 the possibilities are (4, 6), (5, 5), (4, 4, 5), (4, 4, 4, 4). 

In dimension 2 we saw that the unobstructed T\q was gotten from Tg = Aq by an edge 
starring. We would like to generalize also this construction to higher dimensions to derive 
unobstructed triangulated spheres by starring vertices into an edge of An- If we start with a flag 
complex fC and star a vertex v in an edge {n, to get /C', then the Stanley- Reisner ideal of /C' 
is gotten from the ideal of K, by adding x^Xw and all monomials x^/x^ where v' ^ lk({n, w},lC). 
Therefore /C' is also a flag complex. 

In dimension 3 or higher experimentation shows that there are very many series of edge 
starrings starting in An leading to unobstructed Stanley-Reisner rings and we have not been 
able to find a suitable presentation of them. 

We have found one general series, but there are many others. Consider the series of starrings 
where we successively star vertices e^, 4 < fc < n — 2, into the edges {(5i^3, 5k^n\ of An and let 
Cn be the end result. 





i=l 
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Theorem 6.6. The module T^^ = for all n. Successively starring vertices into the edges 
{<^i,3) (^fcjn} of An yields a sequence ofn — b triangulated {n — 4)-spheres whose Stanley-Reisner 
ring has trivial . 

We omit the long and technical proof which consists of a careful case by case check of 
what links of vertices and the Lb for Cn look like. Instead we illustrate what can happen in 
higher dimensions by presenting a complete list of 74 combinatorial 3-spheres which appear as 
successive edges starrings of Aj and have Stanley-Reisner ring with trivial T^. 

The list was constructed as follows. A necessary condition for a 3-sphere /C to be a flag 
complex and have T^{IC) = is that the links of all edges must be 4-gons or 5-gons, otherwise 
T^-bi^) 7^ for an edge a with valency > 6 and suitable b. Thus, from a /C with = 0, to get 
IC' with T'^iJC') = by edge starring the edge a we star in must satisfy 

for all edges e G lk(a,/C), lk(e,/C) is a 4-gon. (6) 

This is because for such an e, lk(e,/C') = star(a, lk(e, /C)). Call edges satisfying ^ legal edges. 

Most of the computations are done in Maple. Assume after successive edge starrings we 
have found a flag complex 3-sphere K, with = 0. We may compute the automorphism group 
as the automorphisms of the edge graph, and this we do with polymake ( |GJ00j ). Finding the 
legal edges may be done in Maple and we choose one for each orbit of the automorphism group. 
We compute again in Maple the result of starring in one of these edges and check with polymake 
if this is isomorphic to a complex we all ready have. 

Doing this in a systematic manner we get the list of 74 3-spheres in Table [1] below. The 
"Comes from" column explains which edges in which of the previous complexes one may star to 
get this sphere. Vertices are the original 5ij of Aj and new vertices . . . ,^8 where the index 
denotes at which step they appear in the starring process. 

To ensure that = we still have to check that T^_b ~ ^ ^ non-edges h. It is enough to 
do this for the "final" ones, i.e. those with no legal edges by Proposition 16. 11 These are written 
with boldface in the tables. We use the identity T^_^^ ~ Hi{Lb) from [AClOl Proposition 4.8] 
to do this in Maple. In all cases T'^_b did vanish. Based on this and the dimension 2 case we 
make the following conjecture. 

Conjecture 6.7. If IC is a combinatorial sphere and a flag complex with lk(/, /C) a A-gon or 
5-gon for all codimension 2 faces f, then = 0. 

In the table, we also include — the number of virtual moduli which a potential smooth- 
ing of the Fano fourfold P(/C* Aq) would have, where /C is a sphere in the table. This is computed 
by using [AC041 Theorem 12] coupled with [CI, Proposition 2.1]. The Hilbert polynomial of 
P(/C * Aq) may be computed from the table. It is a function of the /-vector of /C * Aq which 
again by the Dehn-Sommerville equations may be computed from the number of vertices and 
facets in IC. One computes that the Hilbert polynomial of P(/C * Aq) is 

^/3t^ + 3^/3t^ + [ifo - ^/s) + [\f0 - 3^/3) t + 1 

where /o is the number of vertices and /s is the number of facets in the sphere IC. 

Remark. In light of Corollary 16.41 the above process should be implemented starting with the 
first unobstructed fiag complex, namely the boundary complex of the hyper-octahedron. This 
will certainly lead to many more 3-dimensional combinatorial spheres having Stanley-Reisner 
ring with trivial T'^. 
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Vertices 
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-xiQ) 


15 




A 1 
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4d 


|0l3, 047) € ^7 
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51 


{0l4, 057} e Al 
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38 
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00 

zo 


16 




51 


{5i(i.52.-,} e Ki 
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Kg 
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{5i4, 557} G -K2 
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Kg 


50 


{5l6,525} G K2 
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{^1,547} G A3 






Kw 


55 


{Vl,d46} G A 7 
{5l3, 546} G K;) 


40 




Kii 


56 


{5l3,557} G A3 


32 




Kl2 


56 


{5l4,557} G K3 
{5l3 , 547} G Ki 


32 




Kl3 


56 


{5i6, 524} G A3 

{5l3,547} G Ki 


32 




Kl4 


55 


{5l6,525} G A3 
{5i3, 547} G A 6 


40 




Kl5 


56 


{5l6,535} G Ki 
{dl6, 525} G A5 


32 


17 


Kl6 


55 


{527, 536} G A3 
{537. 546 } G A'4 


42 




55 


{f).-i7- (l4(i| C Ji3 


44 




Kl8 


56 


{5i6, 524} G K4, 

{5l4,557} G K5 


34 








{524, 557} G Ki 






Kig 


56 


{5l4,557} G Kj 

{5i3, 546} G Ks 


32 




K20 


55 


{527, 536} G Ki 
{524, 557} G A'g 


42 




K21 


57 


{5l6, 546} G K^ 


24 




K22 


56 


{5i6, 524} G Kf, 

{5l6,535} G Kj 


32 




K23 


56 


{5l3,557} G Ks 


32 




K24 


55 


{526, 535} G Ks 
{526, 535} G Kg 


38 
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K25 


60 


{5i4, 557} G Kie 

{527, 536} G Kig 
{5l3, 547} G K20 
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K26 


59 


{5i6, 025} G AlO 
{111,547} G Ki4 


42 








{5l6,535} G Kio 






K27 


60 


{t)l, 047} G A 15 
{'f2, 524} G K22 


34 




K2S 


60 


{537, 546} G Kio 
{^1,537} G K17 


36 




K29 


61 


{0l4, 057} G All 


28 




Km 


61 


{5i6,535} G iCii 

{5i3,557} G if 15 


28 








{537, 546} G a: 11 






Kn 


60 


{537,546} G -R'12 
{537, 546} G -?i'l6 

{5i3, 057} G A17 


38 




K.i2 


61 


{5i3, 557} G ifl2 
{5i4, 557} G Al3 
{5l3,547} G if 18 


28 


18 


Kr, 


61 


{524, 657} G if 12 
{5l3, 647} G if 19 


28 




K34 


60 


{5l6,525} G Kii 
{526, 535} G if 15 


36 








r r r ^ ^ ry 
{537, 046} G A13 






K35 


60 


{537, 546} G if 15 
{5i6, 524} G if 17 


38 








{dl6, 024} G Al4 






K-M 


60 


{O13, 047} G a;22 

{t;i, 557} G if 23 


36 




K37 


60 


{5l6, 535) G Al4 
{537, 546} G if 22 


36 




Kis 


59 


{537, 546} G if 14 
{5l6,525} G if 17 


46 




Ki9 


60 


{5l6,525} G if 15 


36 








{527,536} G if 15 






K40 


60 


{5l6, 535} G if 16 
{5l6,525} G if 18 


38 




K41 


61 


{5l6, 546} G if 18 
{5l4,557} G if 21 


30 




K42 


61 


{5l5, 524} G if 22 


26 




K43 


61 


{5l6, 546} G if 22 


28 




K44 


60 


{526, 535} G if 23 
{5l3, 557} G if 24 


34 



Table 1: 3-spheres with r^(/C) = generated by edge starrings. 
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Vertices 
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Name 
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K48 



Kr,o 



Facets 



65 



65 



64 



64 



64 



65 



65 



66 



66 



65 



65 



65 



66 



64 



64 



65 



64 



Comes from 



{S24,, 657} e 7^25 

{527, 536} € K33 



{5-37, 546} G K25 
{5l4, 557} e K28 
{527, 546} £ Ksi 



{5l6, 535} e -^^26 
{5l6, 525} e K2S 

{«i, 547} e K37 
{^1,537} e Kss 



{5i6, 525} e K27 
{^3,535} e -K^37 

{t>i,547} £ Kag 



{526,535} G -^"27 
{W3,525} e J^34 
{W3,524} € KsQ 
{Wl, 557} e 7^44 



{537, 546} € 7^27 
{5l6,535} G 7^28 
{^1,537} e J^35 



{W3,5l4} € K29 

{v3, S13} e K32 

{5l4,557} G K34 
{526, 535} G K41,) 



{5i6, 535} 
{5i4, 557} 



G 7^29 
G 7^30 



{524,557} G K2 



{537, 546} 
{537, 546} 

{5i4, 557} 

{537, 546} 

{5i4, 557} 

{537, 546} 



G K29 

G K32 

G ^-35 
G K40 



{5i6, 525} 

{5l3,557} 



G 7^30 

G 7^39 



{526, 535} 

{5i6, 535} 



G 7^30 

G K:,4 



{5l6,524} G K-i 



{S37, 546} 

{5i6, 525} 

{526, 535} 



G 7^34 
G 7^35 
G 7^39 



{537, 546 } 
{537.54,;} 
{5n,.5: 



^4/ 



G 7^36 

e K37 



{526, 535} 
{537, 546} 



G 7^37 
G 7^42 



{527, 536 } 

{5i6, 525} 



G 7^:39 
G 7^40 



-x(e) 



32 



32 



38 



38 



38 



30 



32 



24 



24 



34 



32 



32 



24 



42 



42 



30 



42 



Vertices 


Name 


Facets 


Comes from 


-x(e) 




7^62 


68 


{1^4,535} G 7^47 
{V4, S25} G 7^48 


40 








{526, 535} G 7^47 






7^63 


69 


{«3, 537} G Kr,o 
{ui, 547} G 7^60 


32 




7^64 


69 


{537,546} G 7^47 
{^1,537} G 7^59 


34 








{^'4, 525} G 7^48 






7^:65 


68 


{5l6, 525} G 7^49 
{V3, S25} G 7^58 
{^3,524} G 7^59 


44 








{537, 546} G 7^48 






7s:66 


69 


{5l6, 525} G 7^50 


34 
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{^'1, 537} G 7^58 








{537,546} G 7^51 
{«3, 5l4} G 7^54 






Ker 


69 


{537, 546} G 7^55 
{5l4, 557} G 7^58 

{526,535} G 7^61 


38 




Kes 


70 


{526 , 535 } G 7^52 
{5l4, 557} G 7^56 


28 








{537, 546} G 7^52 






Ke9 


70 


{5l6, 535} G 7^54 
{537,546} G 7^67 


30 








{526 , 535 } G TsTss 






K70 


69 


{5l6, 525} G 7^56 
{5l6, 535} G 7^58 


38 




K71 


69 


{«3, 535} G 7^60 


34 








{526, 535} G 7^62 






K72 


73 


{^^3, 537} G 7^64 
{"4, 525} G 7^65 


36 


21 






{V4, 625} G 7^66 










{v4, ve} e Ke>3 






K73 


73 


{"3, 537} G 7^66 

{fi, 547} G 7sr7i 


36 


22 




77 


{«6, 526} G 7^72 
{V4,V6} G 7^73 


38 



Table 1: 3-spheres with T^(/C) = generated by edge starrings. 
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